Combinatorial t-designs have nice applications in coding theory, finite geometries and several engineering areas. There are two major methods of constructing t-designs. One of them is via group actions of certain permutation groups which are t-transitive or t-homogeneous on some point set. The other is a coding-theoretical one. The objectives of this paper are to introduce two constructions of t-designs with special polynomials over finite fields GF(q), and obtain 2-designs and 3-designs with interesting parameters. A type of d-polynomials is defined and used to construct 2-designs. Under the framework of the first construction, it is shown that every opolynomial over GF(2 m ) gives a 2-design, and every o-monomial over GF(2 m ) yields a 3-design. Under the second construction, every o-polynomial gives a 3-design. Some open problems and conjectures are also presented in this paper.
Introduction
Let P be a set of v ≥ 1 elements, and let B be a set of k-subsets of P , where k is a positive integer with 1 ≤ k ≤ v. Let t be a positive integer with t ≤ k. The pair D = (P , B) is called a t-(v, k, λ) design, or simply t-design, if every t-subset of P is contained in exactly λ elements of B. The elements of P are called points, and those of B are referred to as blocks. We usually use b to denote the number of blocks in B. A t-design is called simple if B does not contain repeated blocks. In this paper, we consider only simple t-designs. A t-design is called symmetric if v = b. It is clear that t-designs with k = t or k = v always exist. Such t-designs are trivial. In this paper, we consider only t-designs with v > k > t. A t-(v, k, λ) design is referred to as a Steiner system if t ≥ 2 and λ = 1, and is denoted by S(t, k, v).
By a special polynomial over a finite field we mean a polynomial either of special form or with special property. For instance, monomials and permutation polynomials are special polynomials. Special polynomials have interesting applications in combinatorial designs. For instance, ✩ C. Ding's research was supported by the Hong Kong Research Grants Council, Proj. No. 16300415. C. Tang was supported by National Natural Science Foundation of China (Grant No. 11871058) and China West Normal University (14E013, CXTD2014-4 and the Meritocracy Research Funds).
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Let k be an integer with 2 ≤ k ≤ q. Define B ( f ,k) = {B ( f ,b,c) : |B ( f ,b,c) | = k, b, c ∈ GF(q)}.
The incidence structure D( f , k) := (GF(q), B ( f ,k) ) may be a t-(q, k, λ) design for some λ, where GF(q) is the point set, and the incidence relation is the set membership. In this case, we say that the polynomial f supports a t-(q, k, λ) design.
The following is a general result about monomials. It shows an interesting application of monomials in the theory of combinatorial designs. Theorem 1. Let f (x) = x e be a permutation polynomial of GF(q), and let k ≥ 2 be a positive integer such that |B ( f ,k) | ≥ 1. Then the incidence structure D( f , k) := (GF(q), B ( f ,k) ) is a 2-(q, k, λ) for some λ.
Proof. The general affine group GA 1 (GF(q)) is defined by GA 1 (GF(q)) := {ux + v : (u, v) ∈ GF(q) * × GF(q)}.
Let σ(x) = ux + v ∈ GA 1 (GF(q)), where u ∈ GF(q) * and v ∈ GF(q). Note that gcd(e, q − 1) = 1. Let 1/e denote the multiplicative inverse of e modulo q − 1. We have then u( f (x) + bx + c) + v = ux e + ubx + cu + v = (u 1/e x) e + u 1−1/e b(u 1/e x) + cu + v. 2 We then deduce that σ(B ( f ,b,c) ) = B ( f ,u 1−1/e b,cu+v) . This means that the general affine group GA 1 (GF(q)) fixes B ( f ,k) . It is well known that GA 1 (GF(q)) acts on GF(q) doubly transitively.
The desired conclusion then follows.
Two designs D(P , B) and D(P ′ , B ′ ) are said to be isomorphic if there is a 1-to-1 mapping σ from P to P ′ such that σ sends each block in B to a block in B ′ . Such a σ is called an isomorphism from
. All automorphisms of D(P , B) form a group under the function composition, and is called the automorphism group of D(P , B). It is straightforward to prove the following theorem.
Theorem 2. Let f and g be two polynomials over GF(q) such that D( f , k) and D(g, k) are tdesigns. If there are h ∈ GF(q) * , u ∈ GF(q) * and v ∈ GF(q) such that g(x) = h f (ux + v) for all x ∈ GF(q), then D( f , k) and D(g, k) are isomorphic.
We define the value spectrum of a polynomial over GF(q) to be the multiset
To determine the parameters of t-designs supported by a polynomial f , we need to know the value spectrum of a polynomial f . The value spectrum of a polynomial is hard to determine in general, but can be done in special cases. We call a permutation polynomial of GF(q) a design polynomial (in short, d-polynomial) if the size |{ f (x) + bx}| is a constant for all b ∈ GF(q)
* . As will be seen later, some d-polynomials supports 2-designs or 3-designs with interesting parameters under this construction framework.
Designs from d-monomials over GF(2 m )
Throughout this section, let q = 2 m for some positive integer m. Our objective in this section is to search for d-monomials and consider the parameters of their 2-designs. As will be seen soon, determining the block size and the number of blocks in the 2-design supported by a dmonomial could be extremely hard. There are a number of such d-monomials. Some of them are treated in this section, and some will be investigated in Section 4.
Lemma 3. Let f (x) = x e be a polynomial over GF(q) such gcd(e(e − 1), q − 1) = 1. Then f (x) is a d-polynomial over GF(q).
Proof. Since x e−1 is a permutation of GF(q), for each b ∈ GF(q) * there is a unique u ∈ GF(q) * such that u e−1 = b. We have then |{x e + bx : x ∈ GF(q)}| = |{(uy) e + buy : y ∈ GF(q)}|
= |{u e (y e + y) : y ∈ GF(q)}|
= |{y e + y : y ∈ GF(q)}|.
There are a number of monomials f (x) = x e satisfying gcd(e(e − 1), q − 1) = 1. Such dmonomials over GF(q) support 2-designs by Theorem 1. It will be shown later that some of them support 3-designs.
The following theorem presents a large number of 2-designs supported by a class of dmonomials.
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Theorem 4. Let e be a positive integer with gcd(e(e − 1), q − 1) = 1. Define
and Stab AG 1 (GF(q)) (J e ) = {ux + v : (u, v) ∈ GF(q) * × GF(q), uJ e + v = J e }.
Then the incidence structure
Proof. It follows from Lemma 3 and its proof that f (x) = x e is a d-monomial and that
Note that the general affine group acts on GF(q) doubly transitively and fixes B (x e ,k) . The desired conclusion then follows from Proposition 4.6 in [2, p. 175].
Theorem 5. Let m ≥ 3 be odd and q = 2 m . The following is a list of d-monomials x e over GF(q) satisfying the condition of Theorem 4.
• e = 2 h + 1, where gcd(h, m) = 1.
• e = 2 (m−1)/2 + 3.
• e = 2 2h − 2 h + 1, where gcd(h, m) = 1.
• e = 2 (m−1)/2 + 2 (m−1)/4 − 1, where m ≡ 1 (mod 4) ≥ 5.
• e = 2 (m−1)/2 + 2 (3m−1)/4 − 1, where m ≡ 3 (mod 4).
Proof. In all the cases above, it can be verified that gcd(e(e − 1), q − 1) = 1. It then follows from Lemma 3 that x e is a d-polynomial.
Theorem 6. Let m be even and q = 2 m . The following is a list of d-monomials x e over GF(q) satisfying the condition of Theorem 4.
• e = 2 h + 1, where m/ gcd(h, m) is odd.
• e = 2 m/2 + 2 (m+2)/4 + 1, where m ≡ 2 (mod 8).
• e = 2 (m−2)/2 − 3, where m ≡ 4 (mod 24) or m ≡ 20 (mod 24).
• e = 2 (m+2)/2 − 3, where m ≡ 0 (mod 24) or m ≡ 8 (mod 24) or m ≡ 16 (mod 24).
All the d-monomials in Theorems 5 and 6 can be plugged into Theorem 4 for obtaining 2-(q, k, λ) designs. But determining the parameters k and λ in the designs seems quite difficult. The reader is warmly invited to attack this problem.
Designs from o-polynomials over GF(2 m )
Throughout this section q = 2 m for some positive integer m. The objective of this section is to construct 2-designs and 3-designs from o-polynomials over GF(q). Since o-polynomials and hyperovals can be viewed as the same and hyperovals were used to construct two types of 2-designs in the literature, we have to introduce hyperovals and their designs, so that we will be able to compare our newly constructed designs with hyperoval designs in the literature.
Hyperovals and their designs
An arc in the projective plane PG(2, GF(q)) is a set of at least three points in PG(2, GF(q))
such that no three of them are collinear (i.e., on the same line). For any arc A of PG(2, GF(q)), it is well known that |A| ≤ q + 2.
A hyperoval H in PG(2, GF(q)) is a set of q+2 points such that no three of them are collinear, i.e., an arc with q + 2 points. Hyperovals are maximal arcs, as they have the maximal number of points as arcs. Two hyperovals are said to be equivalent if there is a collineation (i.e., an automorphism) of PG(2, GF(q)) that sends one to the other. Note that the automorphism group of PG(2, GF(q)) is the projective general linear group PGL 3 (GF(q)). The automorphism group of a hyperoval is the set of all collineations of PG(2, GF(q)) that leave the hyperoval invariant. The next theorem shows that all hyperovals in PG(2, GF(q)) can be constructed with a special type of permutation polynomials of GF(q) [12, p. 504 ].
Theorem 7 (Segre). Let m ≥ 2. Any hyperoval in PG(2, GF(q)) can be written in the form
where f ∈ GF(q)[x] is such that 1. f is a permutation polynomial of GF(q) with deg( f ) < q and f (0) = 0, f (1) = 1; 2. for each a ∈ GF(q), g a (x) = ( f (x + a) + f (a))x q−2 is also a permutation polynomial of GF(q).
Conversely, every such set H ( f ) is a hyperoval.
Polynomials satisfying the two conditions of Theorem 7 are called o-polynomials, i.e., ovalpolynomials. For example, f (x) = x 2 is an o-polynomial over GF(q) for all m ≥ 2. In the next section, we will summarize known o-polynomials over GF(q).
Two o-monomials f and g are said to be equivalent if the two hyperovals H ( f ) and H (g) are equivalent. The following result was presented in [20] .
Lemma 8. Let q ≥ 4. Two monomial hyperovals H (x j ) and H (x e ) in PG(2, GF(q)) are equivalent if and only if i ≡ e, 1/e, 1 − e, 1/(1 − e), e/(e − 1) or (e − 1)/e (mod q − 1).
Any hyperoval H in PG(2, GF(q)) meets each line either in 0 or 2 points. A line is called an interior line (also called secant) of H if it meets the hyperoval in two points, and an exterior line otherwise. Hence, a hyperoval partitions the lines of PG(2, GF(q)) into two classes, i.e., interior and exterior lines. This property allows us to define the so-called hyperoval designs as follows.
Let H be a hyperoval in the Desarguesian projective plane PG(2, GF(q)). The hyperoval design W (q, H ) is the incidence structure with points the lines of PG(2, GF(q)) exterior to H and blocks the points of PG(2, GF(q)) not on the hyperoval; incidence is given by the incidence in PG(2, GF(q)). We have then the following conclusion on the incidence structure W (q, H ).
is a 2-((q − 1)q/2, q/2, 1) design, i.e., a Steiner system.
The second type of 2-designs from hyperovals are constructed as follows. Let H be a hyperoval in PG(2, GF(q)). Let P be the set of q 2 − 1 exterior points to H , i.e., the set of points in PG(2, GF(q)) \ H . For each point x ∈ P , define a block B x = {y ∈ P \ {x} : xy is a secant to H } ∪ {x}.
Define further B = {B x : x ∈ P }. We have then the following conclusion.
Theorem 10 ([1, 10, 11, 14]). The incidence structure S(q,H ) := (P , B) is a symmetric 2-
It is known that the Hadamard design S(q,H ) can be extended into a 3-(q 2 ,
Known o-polynomials over GF(2 m )
Recall that q = 2 m . To construct 2-designs and 3-designs subsequently, we need o-polynomials over GF(q). The objective of this section is to summarise known constructions of o-polynomials over GF(q) and consequently hyperovals in PG(2, GF(q)).
In the definition of o-polynomials, it is required that f (1) = 1. However, this is not essential, as one can always normalise f (x) by using f (1) −1 f (x) due to the fact that f (1) = 0. In this section, we do not require that f (1) = 1 for o-polynomials.
For any permutation polynomial f (x) over GF(q), we define f (x) = x f (x q−2 ), and use f −1 to denote the compositional inverse of f , i.e., f −1 ( f (x)) = x for all x ∈ GF(q).
The following two theorems introduce basic properties of o-polynomials whose proofs can be found in references about hyperovals.
Theorem 11. Let f be an o-polynomial over GF(q). Then the following statements hold:
• f −1 is also an o-polynomial;
• f is also an o-polynomial; and
Theorem 12. Let x e be an o-polynomial over GF(q). Then every polynomial in
is also an o-polynomial, where 1/e denotes the multiplicative inverse of e modulo q − 1.
Theorem 13 ([11]).
A polynomial f over GF(q) with f (0) = 0 is an o-polynomial if and only if f u := f (x) + ux is 2-to-1 for every u ∈ GF(q) * .
Below we summarise some classes of o-polynomials over GF(q). The translation o-polynomials are described in the following theorem [15] . Theorem 14. Trans(x) = x 2 h is an o-polynomial over GF(q), where gcd(h, m) = 1.
The following is a list of known properties of translation o-polynomials.
• Trans −1 (x) = x 2 m−h and
The following theorem describes a class of o-polynomials, which are called Segre o-polynomials [16, 17] .
Theorem 15. Let m be odd. Then Segre(x) = x 6 is an o-polynomial over GF(q).
For this o-monomial, we have the following.
Glynn discovered two families of o-polynomials [8] . The first is described as follows.
The second family of o-polynomials discovered by Glynn is documented in the following theorem.
Theorem 17. Let m be odd. Then
is an o-polynomial over GF(q).
The following describes another class of o-polynomials discovered by Cherowitzo [3, 4] .
Theorem 18 ([7]
). Let m be odd and e = (m + 1)/2. Then
For this o-trinomial, we have the following conclusions.
1. Cherowitzo(x) = x q−2 e + x q−2 e −2 + x q−3×2 e −4 .
The following documents a family of o-trinomials due to Payne.
We have the following statements regarding the Payne o-trinomial. 3. Note that
We have then
.
Theorem 20 ([7]
). Let m be odd. Then
The Subiaco o-polynomials are given in the following theorem [5] .
where
As a corollary of Theorem 21, we have the following.
Corollary 22. Let m be odd. Then
Combinatorial t-designs from o-polynomials
In this section, we plug o-polynomials into the construction of Section 2 to construct 2-designs and 3-designs. By Theorem 13, o-polynomials are d-polynomials. This fact will play an important role.
Families of 2-designs and 3-designs from o-polynomials
We start with a few auxiliary results. Let g(x) be a polynomial over GF(q). The value set of g(x) is the image of the induced map g : GF(q) → GF(q). Thus the value set is
We denote the cardinality of V (g) by v(g).
and
Notice that g(x) = a f (x) + bx + c is 2-to-1 when ab = 0. We have v(g) = q/2 if ab = 0. If ab = 0 and a = b, then g(x) is a permutation. We deduce then Since g(x) = a f (x) + bx + c is 2-to-1 when v(g) = q/2 and is a permutation when v(g) = q, we have
It then follows that
Let x 1 , x 2 and x 3 be three pairwise distinct elements in GF(q).
, and ( f (x 3 ), x 3 , 1) are three points in the hyperoval defined by the o-polynomial f (x), and thus are linearly independent over GF(q). We then deduce that
Thus,
Consequently,
This completes the proof.
Lemma 24. Let a ∈ GF(q) * and f
Proof. Recall that f (x) = x d is a permutation of GF(q). We have then
We then deduce by Lemma 23 that
We are now ready to prove the following result, which is one of the main results of this paper.
Theorem 25. Let f (x) = x e be an o-monomial over GF(q).
is a 3-(q, q/2, q(q − 4)/8µ) design, where µ = Stab AG 1 (GF(q)) (J e ) = |{(u, v) ∈ GF(q) * × GF(q) : uJ e + v = J e }| and J e = {y e + y : y ∈ GF(q)}.
Proof. We follow the notation of Lemmas 23 and 24 and their proofs. By the definition of o-polynomials, we have gcd(e(e − 1), q − 1) = 1. Define the following multiset:
By the proof of Lemma 3, B ( f ,q/2) = {{bJ e + c : b ∈ GF(q) * , c ∈ GF(q)}} and B ( f ,q/2) = {bJ e + c : b ∈ GF(q) * , c ∈ GF(q)}.
Clearly, the general affine group AG 1 (GF(q)) fixes bothB ( f ,q/2) and B ( f ,q/2) . The stabilizer of J e under AG 1 (GF(q)) is defined by Stab AG 1 (GF(q)) (J e ) = {ux + v : (u, v) ∈ GF(q) * × GF(q), uJ e + v = J e }.
We then deduce that
Note that V (x e + bx + c) = V (b e/(e−1) (x e + x) + c).
Consequently, the multiset
is the same as the multiset
where {u 1 , u 2 , u 3 } is a set of three distinct elements in GF(q), and I a (u 1 , u 2 , u 3 ) was defined in Lemmas 23 and 24. It then follows that (GF(q),B ( f ,q/2) ) is a t-(q, q/2, λ) design if and only if
) is a t-(q, q/2, λ/µ) design, where µ was defined earlier.
By Lemma 24, (GF(q),B ( f ,q/2) ) is a 3-(q, q/2, q(q − 4)/8) design, which may contain repeated blocks. As a result, (GF(q), B ( f ,q/2) ) is a 3-(q, q/2, q(q − 4)/8µ) simple design.
Theorem 25 says that every o-monomial x e supports a 3-design D(x e , q/2). The determination of the parameters of the 3-design boils down to that of the size µ of the stabiliser of the block J e under the action of GA 1 (GF(q)).
The following is a corollary of Theorem 25. We give a direct proof of it below.
Corollary 26. Let f (x) = x e be an o-monomial over GF(q) such that |B ( f ,q/2) | = (q − 1)q. Then
Proof. It follows from Theorem 13 that |B ( f ,b,c) | = q/2 for all (b, c) ∈ GF(q) * × GF(q). By assumption, all blocks B ( f ,b,c) with (b, c) ∈ GF(q) * × GF(q) are pairwise distinct. The design property then follows from Lemma 24.
Only o-monomials support 3-designs with respect to this construction. O-polynomials do not support 3-designs in general, but do support 2-designs with respect to this construction. Below we prove this general result. To this end, we need prove the next two auxiliary results.
Lemma 27. Let f (x) ∈ GF(q)[x] be an o-polynomial. For any u 1 , u 2 ∈ GF(q) with u 1 = u 2 , define
Proof. Set
For J(b, c), we have
We have
Finally,
This completes the proof. 12
Another major result of this paper is the following.
Proof. It follows from Theorem 13 that |B ( f ,b,c) | = q/2 for all (b, c) ∈ GF(q) * × GF(q). By assumption, all blocks B ( f ,b,c) with (b, c) ∈ GF(q) * × GF(q) are pairwise distinct. The design property then follows from Lemma 27.
Regarding Theorem 28, one basic question is which of the known o-polynomials satisfy |B ( f ,q/2) | = q(q−1)/2. It will be shown later that |B ( f ,q/2) | = 2(q−1) for translation o-monomials x 2 h and their variants (ax) 2 h . For other o-polynomials, we have the following conjecture, which is strongly supported by experimental data.
Conjecture 1. Let f (x) be any o-polynomial over GF(q) such that f (x) = (ax)
2 h for all a ∈ GF(q) * and all h with 1 ≤ h < m and gcd(h, m) = 1. Then |B ( f ,q/2) | = q(q − 1).
As pointed out earlier, o-polynomials do not support 3-designs in general with respect to the construction of Section 2. However, if an o-polynomial g(x) can be expressed as (ux + v) e + c, where x e is an o-monomial, then g(x) does support a 3-design. For example, g(x) = x 6 +x 4 +x 2 = (x + 1) 6 + 1. Since x 6 is an o-monomial over GF(2 m ), where m is odd, g(x) supports a 3-design. We would make the following comments on 2-designs D( f , q/2) supported by o-polynomials f (x) such that f (x) = (ax + b) e + b e for all o-monomials y e . For the 3-designs D( f , q/2) supported by o-monomials, we have the following remarks.
1. They are not 4-designs according to Magma experiments. 2. They are affine-invariant, i.e., AG 1 (GF(q)) is a subgroup of their automorphism groups. Experimental data indicates that their automorphism groups are larger than AG 1 (GF(q)).
For example, when m = 5 and m = 7, the automorphism groups of the 3-designs supported by the first Glynn o-monomial, second Glynn o-monomial, and the Segre o-monomial have size q(q − 1)m, while |AG 1 (GF(q))| = q(q − 1). In these two cases, the automorphism groups of these designs are
The degree of transitivity of the group ΓA 1 (GF(q)) acting on GF(q) is only 2, and cannot be used to the prove the 3-design property of these designs. When m = 5, the automorphism group of the design supported by the translation o-monomial x 2 has size 319979520, while |AG 1 (GF(q))| = 992. This is a special and degenerated case, and will be treated shortly. 13 3. They are not symmetric designs, as only trivial 3-designs exist. Only the designs supported by the translation o-monomials are quasi-symmetric. Other 3-designs have many block intersection numbers according to experimental data.
Open Problem 1. Find the automorphism groups of the designs D( f , q/2) supported by the known o-polynomials f (x).
The parameters of the 3-designs from the translation o-monomial x 2 h
Let gcd(h, m) = 1. Recall that
Obviously, J 2 h is an additive subgroup of (GF(q), +) with order q/2, Let (u, v) ∈ GF(q) * × GF(q) with uJ 2 h + v = J 2 h . Note that uJ 2 h is also an additive subgroup of (GF(q), +) with order q/2. It then follows that J 2 h + v is also an additive subgroup of order q/2, which forces v ∈ J 2 h . Consequently,
Let J * 2 h = J 2 h \ {0}. It is known that J * 2 h is a Singer difference set with parameters (q − 1, (q − 2)/2, (q − 4)/4) in the group (GF(q) * , ×) (see Theorem 31). It then follows from (7) that u = 1. Consequently,
The following then follows from Theorem 25.
Note that the number of blocks in the design of Corollary 29 is 2(q − 1). Therefore, it is not a symmetric design. It is also well known that nontrivial symmetric 3-designs do not exist. Below we prove that the 3-design in Corollary 29 is quasi-symmetric.
Theorem 30. The 3-design of Corollary 29 has two block intersection numbers 0 and q/4, and is thus quasi-symmetric.
Proof. We prove the conclusion only for odd m, as the proof for the other case is similar. Let notation be the same as before. Since m is odd, J 2 h does not contain 1. In this case the block set becomes
Let (u 1 , v 1 ) and (u 2 , v 2 ) be two elements in GF(q) × GF(2). Define
We now consider the value |I| by distinguishing among the following cases.
Assume that (v 1 , v 2 ) = (0, 0). Then
Singer difference set in (GF(q) * , ×) (see Theorem 31), we have then 0) . Note that 1 ∈ J 2 h and uJ 2 h is an additive subgroup of (GF(q), +). It is easily seen that I = / 0. Finally, assume that (v 1 , v 2 ) = (1, 1). We have then
It is known that J 2 h + 1 is a (q − 1, q/2, q/4) Singer difference set in (GF(q) * , ×). We then deduce that |I| = q/4 if u 1 = u 2 , and |I| = q/2 otherwise. This completes the proof.
The foregoing discussions in this section showed that the 3-(q, q/2, (q − 4)/4) designs from the translation o-monomials x 2 h are related to the Singer difference sets with parameters (q − 1, (q − 2)/2, (q − 4)). It is very likely that they are isomorphic to the extended designs of the developments of the Singer difference sets with parameters (q − 1, (q − 2)/2, (q − 4)). This is because every quasi-symmetric 3-design with the block intersection number 0 is the extension of a symmetric 2-design [18] . Anyway, our construction of the quasi-symmetric 3-designs uses the direct approach D( f , q/2), and relates the designs to translation hyperovals.
Parameters of the 3-designs from other o-monomials
To determine the λ value of the 3-(q, q/2, λ) design D(x e , q/2) from an o-monomial other than the translation o-monomials x e , we need determine the size of the stabilizer Stab AG 1 (GF(q)) (J e ) of J e , both of which were defined in Theorem 25. Experimental data strongly supports the next conjecture.
Conjecture 2. Let x e be an o-monomial, where e is not a power of 2. Then Stab AG 1 (GF(q)) (J e ) = {x}.
Consequently, the design D(x e , q/2) has parameters 3-(q, q/2, q(q − 4)/8).
To settle this conjecture, one may need the following result proved by Maschietti [11] .
Theorem 31. Let e be a positive integer with gcd(e(e − 1), q − 1) = 1. Then x e is an o-monomial if and only if J * e = J e \ {0} is a (q − 1,
Below we prove Conjecture 2 for several o-monomials. Let J e be defined in (6) . Define the following Boolean function h(x) from GF(q) to GF(2):
To prove Conjecture 2 for several o-monomials, we need the following lemma.
Lemma 32 ( [19] ). Let m be odd and e = 2 i + 2 j with 1
whereĥ denotes the Walsh transform of h and
By Lemma 8 or 12, x ℓ is also an o-monomial over GF(q). We will make use of this fact shortly below. We now prove the following lemma, which settles Conjecture 2 for several omonomials over GF(q).
Lemma 33. Let m be odd and e = 2 i + 2 j with 1
where J e was defined in (6).
Proof. Let h(x) be defined in (8) , which is the characteristic function of the set J e . Let (b, c) ∈ GF(q) * × GF(q) such that h(bx + c) = h(x). The desired conclusion is the same as that (b, c) = (1, 0).
Let A = ∑ x∈GF(q) (−1) h(x)+h(bx+c) . Since h(bx + c) = h(x), we have A = q. We now compute A in a different way. Note that
Since A = q, we then deduce that
Using this equation and Lemma 32, below we prove that (b, c) = (1, 0).
Recall that x ℓ is a permutation of GF(q), where ℓ was defined in (9) . Suppose that b = 1. Then b ℓ = 1. Consequently, the total number of β in GF(q) such that Tr(β ℓ ) = 1 and Tr((β/b) ℓ ) = 1 is 2 m−2 . It then follows from Lemma 32 that
which is contrary to (10) . Consequently, we must have b = 1. Since b = 1, by Lemma 32 Equation (10) becomes It can be easily proved that D( f , q/2) is isomorphic to D( f −1 , q/2) if f is an o-monomial over GF(q). The conclusion of Corollary 34 is also true for the two designs D(Segre −1 (x), q/2) and D(Glynnii −1 (x), q/2). Note that Conjecture 2 is still open for the o-monomials Segre(x) and Glynni(x).
It is well known that the development of the difference set J * e can be extended into a 3-(q, q/2, (q − 4)/4) design. For any o-monomial x e , where e is not a a power of 2, the 3-design D(x e , q/2) has parameters 3-(q, q/2, q(q − 4)/8). Therefore, our 3-designs D(x e , q/2) supported by such o-monomials x e cannot be isomorphic to the extended 3-design of the development of the difference set J * e . Recall that the translation o-monomials are exceptions.
The isomorphy of designs D( f , q/2) from o-polynomials f
First of all, we point out that two equivalent o-polynomials f and g may give two nonisomorphic designs D( f , q/2) and D(g, q/2). For example, by Lemma 8 the two o-monomials x 2 and x q−2 are equivalent, but D(x 2 , q/2) and D(x q−2 , q/2) are not isomorphic, as D(x 2 , q/2) is a 3-(q, q/2, (q − 4)/4) design and D(x q−2 , q/2) is a 3-(q, q/2, q(q − 4)/8) design. By Lemma Open Problem 2. Is there a polynomial f (x) over GF(q) with odd q such that D( f , k) is a 3-design for some k?
6. An extended construction of t-designs from polynomials
In the construction of designs introduced in Section 2, not every polynomial f supports a 2-design D( f , k). Only special polynomials over GF(q) can support a 2-design. In this section, we outline an extended construction of 2-designs from polynomials over finite fields GF(q).
Let f (x) be a polynomial over GF(q). For each (a, b, c) ∈ GF(q) 3 , we definê B ( f ,a,b,c) = {a f (x) + bx + c : x ∈ GF(q)}.
Let k be any integer with 2 ≤ k ≤ q. Definê B ( f ,k) = {B ( f ,a,b,c) : |B ( f ,a,b,c) | = k, (a, b, c) ∈ GF(q) 3 }.
We have then the following result.
Theorem 36. Let notation be the same as before. If |B k | > 1, then the incidence structurê D( f , k) = (GF(q),B ( f ,k) ) is a 2-(q m , k, λ) design for some λ.
Proof. The desired conclusion follows from the facts that the general affine group GA 1 (GF(q)) is a subgroup of the automorphism group of the incidence structureD( f , k), GA 1 (GF(q)) fixeŝ
